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Explicit formulas are given for the minimal polynomial and the multiplicities of the 
eigenvalues of a generalized Moore geometry. These are used to show that the diameter can 
have only one of a finite number of possible values, the largest of which is 161. 
1. Introduction 
Following Roos and van Zanten [8], a generalized Moore geometry, 
GMa(a, b, c), is defined to be an incidence structure in which 
(1) there are a + 1 lines per point, 
(2) there are b + 1 points per line, 
(3) the distance between any two points is at most d, 
(4) there are no circuits of length less than 2d, 
(5) any two points at distance d are joined by exactly c + 1 paths of length d. 
In order to exclude trivial examples, we assume that a > 0 and b > 0. Also we 
exclude ordinary polygons, for which a = b = 1 and c = 0 or 1. Our c + 1 is Roos 
and van Zanten's c, our a is their t, and our b is their s. 
Cases previously studied include 
c = 0 (a Moore geometry) d ~< 2 [3, 4, 6, 7], 
c = a (a generalized 2d-gon) d ~< 6 [5], 
c = b, d <~ 7 [9, 10], 
b = 1 (a generalized Moore graph) d <~ 5 [2]. 
We will find a bound for the diameter of any Moore geometry. 
This paper is devoted to the proof of the following theorem. 
Theorem 1. The diameter of a nontrivial generalized Moore geometry can be at 
most 161. 
A subsequent paper will be devoted to a reduction of this bound. 
The methods used are now~ mostly standard. First we apply formulas from 
Bannai and Ito [1] to compute the minimal polynomial of the adjacency matrix, 
and the multiplicities of the eigenvalues of this matrix. The multiplicity formula 
turns out to be a quotient of two cubic polynomials in the eigenvalues, which will 
imply that the minimal polynomial must factor into factors of degree at most 3 
over the integers. (This result has also been obtained by van Zanten [11].) 
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Then we apply the Damerell and Georgiacodis [3] rationalization method 
followed by reduction modulo 2 and modulo 3. (It seems that reduction modulo 2 
alone does not suffice.) These results are compared with the finite lists of 
irreducible polynomials of degree ~<3 modulo 2 or 3. In general this forces 
d = 2rw (+1)= 3SV (+1), where w and v each can have only a small number of 
possible values. By equating on a case-by-case basis the value of d obtained by 
the modulo 2 analysis with that from the modulo 3 analysis, we obtain a list of 
exponential diophantine equations, each of which turns out to have a finite 
number of solutions. As it happens, the largest of these solutions is 161. 
2. The minimal polynomial and the multiplicities 
Define the sequence of polynomials f~(y) by fo(Y) = 1, fs(Y)  =Y  -a  and for 
i~>2, 
f~(y ) = (y - a - b ) f i - l (  y ) - abfii-2(y ). (2.1) 
Also set 
Fa(y) = fa(Y)  + cfa-s(Y).  (2.2) 
Then when y = a + b + (t + 1/t)vra-b, 
[t 2i+2- 1 + ~/b']-dt(~- 1)]. (2.3) 
fii(y) - t,(t 2 - 1) 
It follows directly from results in Bannai and Ito [1, Chapter III, Section 1] that 
(y - (a + 1)(b + 1))Fd(y) is the minimal polynomial for the adjacency matrix of a 
GMd(a, b, c). (Our f ,  i<  d, and Fd are Bannai and Ito's F//, i ~< d, after the 
change of variable y = x + a + 1. We chose this variable to reflect the adjacency 
matrix as the product of the point-line incidence matrix times its transpose.) 
Lemma 1. In a GMd(a, b, c), c <<- a. I f  c < a, then b <~ a. 
Proof. Take 2 points at distance d. The c paths joining them must start on c 
distinct lines through the starting point. 
Since the constant erm of f~(y) is ( -a)  i, if c 4: a then 0 is not an eigenvalue of 
the adjacency matrix, so that b ~< a. [] 
We now use the formula from Bannai and Ito [1, Chapter III, Section 1, 
formula (1.5)] to calculate the multiplicities of the roots of Fa(y). Let 0 be a root 
of Fd(y) and 0 = a + b + (v + 1/v)V~. Let N be the total number of points in 
the geometry, 
d--1 
N= 1 + (a + 1)b ~ (ab) i-1 + (a + 1)b(ab)d-1/ (c  + 1). (2.4) 
i=l 
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Then the multiplicity mo is given by 
N(a + 1)b(ab) d-1 (2.5) 
mo= ((a + 1)(b + 1) - 19)F',l(19)fa-l(19)" 
We first calculate the multiplicities in two special cases. If 19 = 0 (in which case 
c = a) it is easy to calculate 
I Nbd(a_b) 
(b +~~'~a) ,  if a :/: b, 
mo = Nb 
(b ~1~'  i fa -b .  
If ~2= 1, then 
X/(ab) d-1 
Fd(19) - Zd [(d + 1)V~ + bdz + cdz + c(d - 1)V~] .  
(2.6) 
Then the case z = 1 will not occur, while with z = -1 ,  
(a(d + 1) + c(d- 1))Vra--b = a(b + c)d, 
the root 191 --" a + b - 2V~ is rational, and the multiplicity of 191 is given by 
mo 1 - -  
6N(a + 1)ab 
d(ab + 2X/ab + 1)[a(d + 1)(2d + 1) + b(d-  1)(2d-  1) -4 (d  + 1)(d - 1)'k/-~] "
(2.7) 
If we have neither of these special cases then from (2.2) and (2.3) we have 
x/h~ + (b + c)~ + c~2X/b-Td 
rza = z2V~-~ +(b + c)z + cV~/a" (2.8) 
Then we may calculate that 
- X / ' (~(1  + ~'V~)  (2.9) 
fa-l(O) - ,:a(.rV~ + c) , 
and 
F~(O) = {zX/(ab)a-2[2bcd(z 4 + 1 "2 + 1) 
+ (b + c)((2d + 1)V~ + c(2d - 1)V~)z (z  2 + 1) 
+ 2(ab(d + 1)+ (b + c)2d-bcd + c2(b/a)(d - 1))~'2]} 
1 
x (va_ 1)2vd(v2V~ + (b + c)~ + cV~)  (2.10) 
After some calculation, we find that 
N(a  + 1)[0 2 -  2(a + b)O + (a - b)2][cO + (c - a)(c - b)] 
ma = [19- (a + 1)(b + 1)][2caa 2+ (a - c)((2d + 1)b 
- (2d -  1 )c )O+(a-c ) (b -c ) (a -b ) ] .  (2.11) 
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Unless a = b = c = 1, expression (2.11) for mo gives a non-trivial rational cubic 
polynomial equation in 0. 
It now follows that in order for a generalized Moore geometry to exist, Fa(y) 
must split over the rationals into factors of degree at most 3. 
3. Rationalization 
Following the method of Damere l l  and Georgiakodis [3], substitute x =y-  
a - b, z = x2 /ab ,  so with u = t 2, we have z = (t + l / t )  2 = u + 1 /u  + 2. Set 
Ha(z )  = ( -1 )aFa(x )Fa( -x ) /aa -Zb  a-1. 
Then Ha(z )  must also split into factors of degree a tmost  3. We compute 
where 
Ha(z )  = a2bPd(z )  -- a (b  2 + c2)pd- l ( z )  + bc2pa_2(z)  - 2abc,  
(3.1) 
(3.2) 
(U i+1- 1) 2 
P/ (z ) -  (u -  1)2u i" (3.3) 
We notice that the P~(z) satisfy the recurrence relation 
P/(z) = (z - 1)P/_l(z) - (z - 1)P/_2(z) + P/-3(z), (3.4) 
with the initial conditions Po(z)  = 1, P l ( z )  = z ,  P2(z) = (z - 1) 2. From this we see 
that P~(z) is a monic polynomial  of degree i with integer coefficients. Some useful 
identities involving these polynomials are listed in Table 1. 
4. Case analysis modulo 2 
Since Ha(z )  is homogenous in a, b, c, we may assume in the factorization 
analysis that a, b, and c have no common factor. If any two have a factor in 
common, we may still factor out the content of He. Call the resulting polynomial  
Ha(z ) .  
Table 1 
Vn(z) - en_l(z) = (u ~+~ - 1)/u~(u - 1) 
en(z) + e~_~(z) = (u ~+2 + u ~+x - 4u ~+~ + u + 1)/u~(u - 1) 2 
en(z )  "1- en_2(Z ) -~ (U n -- I )2 /U  n (mod 2)  
P,,(z) + P,,_I(z) + P,,_2(z) + 1 - (u" - 1)2/u " (mod 3) 
P,,(z) + P,,_l(Z) + P,,_2(z) - 1 --- (u" + 1)2/u " (rood 3) 
e~(z) - e._ l (z)  + P._2(z)  + 1 -- (u + 1)2(u " - 1)2/u'(u - 1) 2 (mod 3) 
P, , (z )  - P , , _ I ( z )  + Pn_2(z)  - 1 ~- (u  2n+2 - u 2n+l  + u 2n + 2u  n+2 -~- 2u  n -I- u 2 - u + 1) /un(u  - -  1) 2 (mod 3) 
On generalized Moore geometries, I 253 
Table 2 
Case Conditions H~l(z) (mod 2) d 
A a, b, c all odd Pa(z) + Pa_2(z) 
B a even, b, c odd, or Pa_2(z) 
a, b even, c odd, ord2(b ) < ord2(a), or 
a, c even, b odd, ord2(c 2) < ord2(a) 
C b even, a, c odd, or Pd_ l (Z)  
a, b even, c odd, ord2(a ) < ord2(b ), or 
a, c even, b odd, ord2(a ) < ord2(c2), or 
b, c even, a odd, ord2(b 2+ c 2) < ord2(b) 
D c even, a, b odd, or Pa(z) -- Pd - l (Z )  
b, c even, a odd, ord2(b 2+ c 2) = ord2(b) 
E a, b even, c odd, ord2(a ) = ord2(b), or Pa-l(z) --  Pd -2(z )  
a, c even, b odd, ord2(a ) = ord2(c 2) 
F b, c even, a odd, ord2(b ) < ord2(b 2 -I- c 2) Pd(Z) 
2d = 2"w 
d - 1 = 2"w 
d = 2rw 
2d+l=w 
2d- l=w 
d + 1 = 2"w 
There are six cases, A-F ,  which we list in Table 2. 
Now modulo 2, all roots are at most cubic so satisfy one of the five irreducible 
polynomials over GF(2) listed in Table 3. There are also listed the results of the 
substitution z = u + 1/u + 2, as well as the multiplicative orders (mod 2) of the 
roots of the polynomials in u. 
Now when an expression u i -  1 occurs as a factor of H'd(z) (mod 2), we must 
have that i = 2rw, where w e {1, 3, 5, 7, 9). On combining the expressions for 
Ha(z)  (mod 2) from Table 2 with the identities in Table 1, we obtain the possible 
values for the diameter d listed in Table 2. 
Unfortunately the method used by DamereU and Georgiakodis for bounding 
the possible values of r does not seem to work here, especially in Case A. 
Therefore we also look modulo 3. 
5. Case analysis modulo 3 
There are eleven cases, a-k, to consider modulo 3. These are listed in Table 4. 
Next we list in Table 5 the irreducible polynomials of degree at most 3 over 
Table 3 
f ( z )  z = u + 1/u + 2 order of  u 
z (u + 1)2/u 1 
z + 1 (u 2+u + 1)/u 3 
z 2+z  +1 (u 4+u 3+u 2+u+ 1)/u 2 5 
z 3 + z + 1 (u 6 + u 3 + 1)/u 3 9 
z 3 + z 2 + 1 (u s + u + 1)(u 3 + u 2 + 1)/u 3 7 
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Table 4 
Case Conditions H~(z) (mod 3) d 
a a, b, c prime to 3, a - b - c (mod 3) Pa(z) + Pd-I(Z) d = To 
+ Pd-2(z) + a 
b a, b, c prime to 3, a -- b - - c  (mod 3) Pd(Z) + Pa-a(z) 2d = 3~v 
+ P~_2(z) - 1 
c a, b, c prime to 3, -a  - b -= c (mod 3) Pd(z) - Pa_l(z) d = 3Sv 
+ Pa-2(z) + 1 
d a, b, c prime to 3, a - -b  -- c (mod 3) Pa(z) -- Pa- l(Z) 
+ Pd_2(Z) - -  I 
e a divisible by 3, b, c prime to 3, or  Pd_2(Z) 
a, b divisible by 3, c prime to 3, 
ord3(b ) < ord3(a), or 
a, c divisible by 3, b prime to 3, 
ord3(c 2) < ords(a ) 
f b divisible by 3, a, c prime to 3, or Pa-a(z) 
a, b divisible by 3, c prime to 3, 
orda(a) < ord3(b), or 
a, c divisible by 3, b prime to 3, 
ords(a) < ord3(c2), or 
b, c divisible by 3, a prime to 3, 
ords(b 2 + c 2) < orda(b ) 
g c divisible by 3, a, b prime to 3, Pa(z) - Pd-I(Z) 
a -=--- b (rood 3), or 
b, c divisible by 3, a prime to 3, 
ords(b 2 + C 2) = ord3(b), a - b 3, (mod 3) 
h c divisible by 3, a, b prime to 3, Pa(z) + Pa-l(Z) 
a - -b  (mod3), o r  
b, c divisible by 3, a prime to 3, 
orda(b 2+ c 2) = orda(b), a -= -b  3, (mod 3) 
i a, b divisible by 3, c prime to 3, Pd-I(Z) + Pd-2(Z) 
ord3(a ) = ord3(b), as, - -b  3, (mod 3), or 
a, c divisible by 3, b prime to 3, 
ord3(a ) = ord3(c2), a 3, - -b  (mod 3) 
j a, b divisible by 3, c prime to 3, Pd-l(z) -- Pa-2(z) 
orda(a) = ord3(b), as, -- b3, (mod 3), or 
a, c divisible by 3, b prime to 3, 
ord3(a) = ord3(c2), as, - b (rood 3) 
k b, c divisible by 3, a prime to 3, Pa(z) 
ord3(b) < ords(b 2 + c 2) 
d=1,2 ,3 ,5or7  
d - 1 = 3Sv 
d = Yv 
2d+l=Yv  
d=l ,  2or3  
d=l ,  2, 3 o r4  
2d-  1 =Yv  
d+l=Yv  
GF(3), their transforms under the substitution z = u + 1 /u  + 2 and the multiplica- 
tive orders (mod 3) of the roots of the polynomials in u. 
Again if u i -1  appears in H 'a(z )  (mod3) then i=3sv  where v e 
{1, 2, 4, 8, 5, 10, 7, 14, 28, 13, 26}. The possible values for the diameters are 
given in Table 4. 
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Table 5 
f ( z )  z = u + 1/u + 2 
Order  
of  u 
z - 1 (u - -  1)2/U 1 
Z (U + 1)2/U 2 
Z + 1 (U 2 + 1)/U 4 
Z 2 -- Z -- 1 (U 2 -- U -- 1)(U 2 + U -- 1)/U 2 8 
Z 2+ 1 (U 4+u 3+ U 2+u + 1)/U 2 5 
Z 2+ Z- -  1 (U 4 -u  3 + U 2 -  U + 1)/U 2 10 
Z 3 - -  Z 2 - -  Z - -  1 (U 6 - -  U 5 + U 4 - -  U 3 + U 2 - -  U + 1) /U  3 14  
Z 3 - -  Z 2 + 1 (u 3 - u + 1)(u 3 - u 2 + 1) /u  3 26  
Z 3 - -  Z 2 + Z + 1 (U 6 - -  U s - -  U 3 - -  U + 1) /U  3 28  
z 3 -  z -  1 (u 3 -  u 2 -  u -  1)(u 3+ u 2+ u -  1)/u 3 13 
z 3 - z + 1 (u 3 - -  U 2 + U + 1) (U  3 + U 2 - -  U + 1)/U 3 26 
z 3+z  2 -z  + 1 (u 6+u 5+u 3+u + 1)/u 3 28 
Z 3 ÷ Z 2 - -  1 (U 6 ÷ U 5 ÷ U 4 ÷ U 3 ÷ U 2 ÷ U ÷ 1) /U  3 7 
Z 3 + Z 2 + Z - -  1 (U 3 - -  U - -  1 ) (U  3 + U 2 - -  1)/U 3 13 
In most cases the result follows from the identities in Table 1, but the cases d, h 
and i require special treatment which we give below. 
Lemma 2. The polynomial u 2/+2 + u ~+x - 4u i+1 + u + 1 has no repeated factors 
(mod 3), except hat u 2 + 1 is a factor of  multiplicity 2 when i =- 2 or 9 (mod 12). 
The polynomial 
U 2 /+2 - -  U 2 /+1 "a t- U 2i + 2u i+2 + 2U i + U 2 - -  u -It- 1 
has no repeated factors (mod 3), except that u2+ 1 is a factor of  multiplicity 2, 
when i =-- 5 or 7 (mod 12). 
Proof. Compute the derivatives, solve for u i and u n and equate the square of the 
first to the second. This yields 
(u - 1)2(u2(i 2+ i + 1) - u(i 2 + i) + (i 2 + i + 1)) =0, 
u(u -  1)2(u + 1)2(u2i2 + u(2i 2 + 1)+ i2) = 0, 
respectively, from which the conclusion follows. [] 
It now follows in cases d, h and i that modulo 3, H'a(z) cannot have repeated 
factors (except perhaps z + 1 with multiplicity 2). With the assumed factorization 
into factors of degree at most 3, then its roots lie in the union of the fields GF(9) 
and GF(27), so it has at most 33 roots. Therefore the degree of H'a(z) modulo 3 is 
at most 34, and so d ~< 35. 
But then by computing the remainders of the Ha(z) upon division by each of 
the 14 irreducible polynomials of degree 3 or less (using the recurrence relation 
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for the P~(z)) we see that the only cases in which all factors are actually of degree 
3 or less axe as follows: 
Pl (z)  + Po(z) =- z + 1, 
e2(z) + P l (Z)  ~ (z  + 1) 2, 
e3(z) + P2(z) =-- z 3 - z + 1, 
e (z) - P (z) + Po(z) 
e3(z )  -- e2(z )  -t- e l ( z )  
P (z) - P,(z) + P (z) 
e7(z) - -  e6(z) + Ps(z) -- 1 = (z + 1)2(Z 2 + 1)(Z s -- Z + 1). 
Therefore in Case d, d = 1, 2, 3, 5 or 7, in Case h, d = 1, 2 or 3 and in Case i, 
d=l ,  2 ,3or4 .  
- l=z2+l ,  
- 1 -=(z + 1)(z 2 + 1), 
- 1 - ( z  + 1)2(z3 + z 2 -  z + 1), 
6. A bound for the diameler 
In this section we compare the formulas for the diameter from the previous two 
sections and show that in all cases there are only a finite number of solutions. 
Lemma 3. 
or 13 are those in the fo l lowing list: 
211 = 3°1 + 1, 215 = 321 + 1, 221 = 305 - 1, 
221 = 311 + 1, 235 = 3113 + 1, 231 = 321 - 1, 
231 = 3°7 + 1, 2x7 = 3°13 + 1, 225 = 317 - 1, 
241 = 315 + 1, 227 = 331 + 1, 245 = 341 -- 1, 
261 = 327 + 1, 211 = 311 - 1, 217 = 315 - 1. 
The only solutions o f  2"w = 3Sv rk 1 where w = 1, 5 or 7 and v = 1, 5, 7 
Proof.  We prove this by a case by case analysis of the 24 equations resulting from 
each value of w and v and the plus or minus sign. Two cases suffice to illustrate. 
Case 1. 2r7 = 3 s + 1 
Here 3 s --= -1  (mod 7) implies that s -- 3 (mod 6). Set s = 3t. Then 2r7 = 
(3' + 1)(32t -- 3' + 1) SO either 
2"7 = 3t + 1, 2 r" = 3 n - 3 t + 1, 
2" = 3' + 1, 2"7 = 32t - 3 t + 1. 
In the  first case 3 z t -  3 t+ 1 is odd, so r "= O. Therefore t = 0 and s = 0. But 
2"7 ~ 2. In the second case, from an earlier t reatment  of the equation 2" = 3' + 1 
we know that (r ' ,  t )=(1 ,  0) or (2, 1). Then s=0 or 3. As before s =0 is 
or  
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Table 6 
Case 
(mod 2) (rood 3) Possible values of d 
A, C a, c, f 1-10, 12, 14, 18, 24, 28, 36, 72 
b 1-7, 9, 12, 14, 18, 36 
d 1-3, 5, 7 
e 1-10, 14, 16, 28, 40, 64 
g 1-4, 6, 7, 10, 40 
h 1-3 
i 1-4 
j 1-5, 7, 8, 14, 20, 32 
k 1-9, 12, 14, 20, 80 
B a, c, f 1-10, 13, 15, 21, 81 
b 1-7, 9, 13, 15, 21, 81 
d 1-3, 5, 7 
e 1-11, 13, 15, 19, 25, 29, 37, 73 
g 1-4, 6, 7, 10, 13, 19 
h 1-3 
i 1-4 
j 1-5, 7, 8, 11, 41 
k 1-9, 11, 13, 17, 25, 29, 41,161 
D a, b, c, e, f, g, i, j, k 1-4 
d, h 1-3 
E a, b, c, e, f, j, k 1-5 
d 1-3, 5 
g, i 1-4 
h 1-3 
F a, c, f 1-9, 13, 15, 27, 39, 63 
b 1-7, 9, 13, 15, 27, 39, 63 
d 1-3, 5, 7 
e 1-9, 11, 13, 15, 19, 27, 31, 55, 79, 127 
g 1-4, 6, 7, 13, 19, 31 
h 1-3 
i 1-4 
j 1-5, 7, 8, 11, 23, 95 
k 1-9, 11, 13, 17, 23, 27, 35, 71 
impossible, and the case s = 3 (so r = 2) is listed. 
Case 2. 2r5 = 3s13 + 1 
Since 2r5 - 1 (mod 13), we have r-=3 (mod 12). Also since 3 s÷l= -1  (mod 5), 
s~ l  (mod4). The case r=3 (and so s=l )  is listed. If r>3,  then 2r5-=0 
(mod 16). But with s = 1 + 4t, 3 s --- 3 (mod 16) and so 3s13 + 1 ~- 8 (mod 16), a 
contradiction. [] 
Now as a consequence it is straightforward to list the possible values of the 
diameter in each of the Cases A -F  and a-k. Again two examples will illustrate. 
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Case A or C and a, c, or f 
Here d = 2"w = 3Sv, where w and v are as given earlier. In this case the 
(2,3)'-part of w and v must be 1, 5 or 7. The exponent r is in each case limited by 
the 2-part of v and the exponent s is limited by the 3-part of w. Thus when the 
(2,3)'-part is 1, r = 0, 1, 2 or 3 and s = 0, 1 or 2. If it is 5, then s = 0, r = 0 or 1. If 
it is 7, then s = 0, r = 0, 1 or 2. Therefore d has one of the values 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 12, 14, 18, 24, 28, 36 or 72. 
Case F and a or c or f Here d = 2rw - 1 = 3sv. If r = 0, then d = 3Sv = w - 1 = 2, 
4, 6 or 8. If s = 0, then d = v and d + 1 = 2rw. By checking each value of v, we 
see that d = 1, 2, 4, 8, 5, 7 or 13 are the only possibilities. Finally if r > 0 and 
s > 0, then w is prime to 3 and v is prime to 2. The lemma then gives d = 1, 3, 7, 
9, 13, 15, 27, 39 or 63. Altogether then the possible values of d here are 1, 2, 3, 
4, 5, 6, 7, 8, 9, 13, 15, 27, 39 or 63. 
In Table 6 we give the possible values of d in all cases. The-largest value 
appearing in this list is 161, so this completes the proof of the main theorem. In a 
subsequent paper, we will apply various ad hoc methods to eliminate some of 
these possibilities and so improve this bound. 
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